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This paper presents a knee-joint model to provide a better understanding on the interaction between

natural joints and artificial mechanisms for design and control of rehabilitation exoskeletons. The
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anatomically based knee model relaxes several commonly made assumptions that approximate a

human knee as engineering pin-joint in exoskeleton design. Based on published MRI data, we formulate

the kinematics of a knee-joint and compare three mathematical approximations; one model bases on

two sequential circles rolling a flat plane; and the other two are mathematically differentiable ellipses-

based models with and without sliding at the contact. The ellipses-based model taking sliding contact

into accounts shows that the rolling-sliding ratio of a knee-joint is not a constant but has an average

value consistent with published measurements. This knee-joint kinematics leads to a physically more

accurate contact-point trajectory than methods based on multiple circles or lines, and provides a basis

to derive a knee-joint kinetic model upon which the effects of a planar exoskeleton mechanism on the

internal joint forces and torque during flexion can be numerically investigated. Two different knee-joint

kinetic models (pin-joint approximation and anatomically based model) are compared against a

condition with no exoskeleton. The leg and exoskeleton form a closed kinematic chain that has a

significant effect on the joint forces in the knee. Human knee is more tolerant than pin-joint in

negotiating around a singularity but its internal forces increase with the exoskeleton mass-to-length

ratio. An oversimplifying pin-joint approximation cannot capture the finite change in the knee forces

due to the singularity effect.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

With rapid advances in robotics and mechatronics, exoskeletons
have been widely developed to assist in or rehabilitate human body
motions; for examples, the commercialized Lokomat (Colombo et al.,
2000) for treadmill training, assistant exoskeleton (Kiguchi et al.,
2003) for elderly persons, hybrid assistive limb (Kawamoto and
Sankai, 2005) to assist in walking and climbing, the ankle–foot
orthosis powered by artificial pneumatic muscles (Ferris et al.,
2005), and the Berkeley lower extremity exoskeleton (Zoss et al.,
2006) to assist in carrying heavy loads over rough terrain.
Experiments (Gordon and Ferris, 2007) on a robotic exoskeleton
controlled by muscle activity could be useful tools for testing neural
mechanism of human locomotor adaptation. While mechanical
exoskeletons have the advantages of adding energy to human
motions and adjusting motion patterns, it could perturb normal
motions and potentially cause pains or even damages to human
joints. To minimize negative effects of an artificial exoskeleton on
human joints, the design and control of rehabilitation exoskeletons
ll rights reserved.

. Lee).
require a good understanding of the natural bio-joint kinematics and
kinetics.

Natural bio-joints (that exoskeletons are designed to rehabi-
litate) are commonly modeled in kinematics as non-slip revolute
joints (such as a pin or ball joint). Unlike an engineering joint
which typically has a fixed rotational center, bio-joints often
consist of non-uniform shaped contact parts that roll and slide.
Human bodies also vary widely in shapes and sizes and change
over years; engineering joints are usually not compliant to
accommodate these variations. Although exoskeletons help users
adapt their motion after repetitive training, there are potentials
for damages to bio-joints in long term usage if natural joint
variations are not accounted for.

Compliant mechanisms that reduce assembled joints (and thus
friction) can be employed in exoskeleton to accommodate (shape,
size and motion) variations in human joints. ‘‘Soft’’ pneumatic
muscle actuators (pMA) are used as power sources (Tsagarakis
and Caldwell, 2003), and flexible cables are used for transmission
in LOPES (Veneman et al., 2006). However, most of the works on
compliance have been motivated by power efficiency rather than
the interaction between a human body and an exoskeleton.
Recent works also concern about shock absorption; for example,
flexible geared joint and rubber footpad (Low, 2005). Besides
gaining energy, an exoskeleton should not interfere negatively
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Fig. 1. Bio-joint illustration: (a) MRI of a cadaver knee (Iwaki et al., 2000) where

the two ellipses approximate the contact regions of the knee. (b) Bio-joint model

(Lee and Guo, 2008) for analyzing the contact kinematics based on elliptical

geometries.
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with normal human-joint motions; otherwise, it could result in
discomfort and potential damages. For these reasons, problems on
interaction between bio-joints and compliant mechanism are
worthy of exploration.

Among challenges in the modeling of human body motion are
the characterization of the joint mechanics and musculoskeletal
geometry (Pandy, 2001). Different experimental methods have
been developed to detect joint structures, and measure the knee
joint motions (Bull and Amis, 1998). These include the most
commonly used skin-marker systems (Lafortune et al., 1992; Lu
and O’ Connor, 1999) where soft tissues often make them difficult
to apply, and the radiation radiographic/fluoroscopic techniques
(Peterfy et al., 2003; Li et al., 2008). More recently, the
electromagnetic techniques (MRI) (Iwaki et al., 2000) provide a
way to shed light on the internal geometries of joints. With
geometrical details of a joint available from experiments,
kinematic models can be built for analyses. A computer model
with surface friction (Sathasivam and Walker, 1997) was
suggested showing that the condylar geometries could have
important differences in kinematics, function and wear. Accurate
solutions of tibiofemoral contact behavior were obtained from a
3D finite-element model (Donahue et al., 2002). Recently, a
computational model allowing for anatomical details was built
using CAD/CAE methods to predict the lower leg kinematics
(Liacouras and Waynel, 2007).

Motivated by the need to provide a good understanding on the
interaction between natural joints and artificial mechanisms for
design and control of rehabilitation exoskeletons, this paper
introduces a mathematical bio-joint model originally proposed
(Lee and Guo, 2008) for mechanical deboning of chicken breast
meat (Guo and Lee, 2008). The remainder of this paper offers the
followings:
�
 We formulate an anatomically based model for characterizing
a human knee joint so that its internal joint forces/torques
during flexion can be accurately analyzed. The bio-joint model
relaxes several assumptions commonly made on a knee joint in
exoskeleton design.

�
 Two examples are given. The first investigates the effects of

different bio-joint geometrical approximations (with/without
sliding) on the contact locations. The second numerically
investigates the effects of a planar exoskeleton on a human
knee joint by comparing two different models for predicting
the forces/torque acting on the knee; pin-joint approximation
and bio-joint model.

2. Methods

With MRI data, a model can be built to provide a good understanding of the

kinematics and kinetics of a bio-joint (consisting of non-uniform shaped contact

parts), and estimate its contact locations, rolling/sliding velocities and forces/

torques involved.

Fig. 1(a) shows a lateral sagittal MRI of an unloaded cadaver knee (Iwaki et al.,

2000), where the two white circles are approximated geometries for the femoral

articular surfaces. Data are presented as positions of the extension facet center

(EFC) and flexion facet center (FFC) in Fig. 1(a), where the contact is modeled as a

point between a circle and a plane. To provide a continuous differentiable function,

a more general bio-joint representation based on elliptical geometries is proposed

in Fig. 1(b) to characterize the observed data for analyzing the contact kinematics

and kinetics, where OA and OB are two bodies with surfaces GA and GB,

respectively; and the angular velocity o describes the motion of OA rolling on

OB at the instantaneous contact point C.

2.1. Knee joint kinematics

Given a contact point on GA, there always exists a tangential plane with a

normal vector n such that the angular velocity x describes the motion of OA at the

contact point. An instantaneous osculating plane perpendicular to this tangent
plane can then be defined as shown in Fig. 1(b) to characterize the 3D motion of a

biological joint, which depends on the location of the contact point (and hence is a

function of time). The contact points on GA and GB move incrementally from CA

and CB to C along the respective osculating circles, where (OA, rA) and (OB, rB) are

the centers and radii of the osculating circles intersecting at GA and GB,

respectively. The rotation axis changes with the contact point as OA rolls and

slides on OB.

For the knee joint in Fig. 1(a), the normal component (along n) of the angular

velocity is generally nonzero but very small as compared to the component on the

tangent plane, and thus neglected to simplify the bio-joint kinematic analysis.

The 3D kinematics of a biological joint is reduced to finding the contact location in

the motion of the osculating circle and the position and orientation of OA. The

rolling velocity vroll due to the angular velocity about the rotation center OA is

defined in Eq. (1) as follows:

vrollðyÞ ¼orA where o¼ dy=dt ð1Þ

For a specified ellipse, rA is a function of the contact position (Lee and Guo, 2008;

Davis and Snider, 1987). As observed in published data (Iwaki et al., 2000), the

sliding velocity vslide also depends on the flexion angle y as

vslideðyÞ ¼
dsslide

dt
¼o dsslide

dy
ð2Þ

where sslide is the difference between the rolling displacement sroll (or integrated

vroll over y) and the path length of the contact point from the MRI data.

Using a lumped-parameter approach in polar coordinates (r, y) where the

reference (y=0) is along the longitudinal axis of the femur (Fig. 2), the lower limb

(leg and foot) is modeled as a mass centered at O. As illustrated in Fig. 2(b) where

Ci is the initial contact point on the femur, the distance r0 from the center of the

lateral tibial condyle to O is a constant; and C is measured from the ipsilateral

posterior tibial cortices (IPTC). The bio-joint kinematics can be computed from the

following:

_r ¼o dr

dy
; and €r ¼ _o dr

dy
þo2 d2r

dy2
ð3a;bÞ

where r provides a means to account for the change in the rotational center.

Engineering ball joints are special cases where both spherical surfaces are

concentric and hence, _r ¼ €r ¼ 0. The (mass center O) trajectory can be computed in

terms of y from the following:

r¼ r er ; v¼ _r erþr _y ey ð4a;bÞ

a¼ ð€r�r _y
2
Þ erþð2_r _yþr €yÞey ð4cÞ

2.2. Knee joint dynamics

The calf dynamics (relative to the upper leg) are given by

ma¼ fgþfyþfrþfe ð5aÞ

ð J €yþ2mr _r _yÞk¼ sgþsaþse where k¼ er � ey ð5bÞ

where m is the calf mass; fg is the gravity force; and fr and fy are the resultant

forces exerted by the surrounding bones and tissues (muscle and ligament) in er
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Fig. 2. Coordinates illustrating the knee joint rotation: (a) the tibia rotation in

polar coordinates centered at the initial contact point Ci. (b) Schematics

illustrating the relationship between the distance r and flexion angle y.

Table 1
Geometry approximation.

Circles (Iwaki et al., 2000) Ellipse (green dash)

r1=21 mm r2=32 mm rmaj=25.3 mm rmin=21.1 mm

Ellipse (blue) Ellipse (red)

rmaj=33.6 mm rmin=23 mm rmaj=28.8 mm rmin=18.8 mm

Initial contact position=31 mm;

Angular velocity o=1.57 rad/s

Fig. 3. Comparison of current contact point C positions between different models

showing the sliding effect in the knee rotation.
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and ey directions, respectively. Within a bio-joint, bones primarily support

compressive forces; and soft tissues can only exert tensile forces. For example, fr

represents the force from the tissues if tensile force dominates, or otherwise from

the bones. With rehabilitation applications in mind, we include fe to account for

the force exerted by an external device (such as an exoskeleton) and reaction from

the ground. On the left hand side of Eq. (5b), the 1st term accounts for the

moment-of-inertia J (about Ci) due to the leg rotation while the 2nd term describes

the interaction between _yand_rdue to the variation in r. In Eq. (5b), all the torques

are computed about Ci: sg and se denote the torques due to the gravity and

external device, respectively; and sa is a net torque accounting for fr, fy, and tissue

contraction within the knee.

The vector Eqs. (5a, b) can be recast into three scalar equations (6a, b, c) from

which fr, fy and ta can be solved as

mð€r�r _y
2
Þ ¼ fg sinyþ frþ ferðyÞ ð6aÞ

mð2_r _yþr €yÞ ¼ fg cosyþ fyþ feyðyÞ ð6bÞ

J €yþ2mr _r _y ¼ tgþtaþteðyÞ ð6cÞ

3. Results and discussion

Two sets of results are presented here. The 1st set investigates
the effect of the geometrical approximations on the contact
(between the femoral and tibial articular surfaces) with published
data (Iwaki et al., 2000) as a basis for comparison. The 2nd set
illustrates the effects of an exoskeleton on the human knee joint.

3.1. Effect of bio-joint models on contact point trajectory

In (Iwaki et al., 2000), two circles, each of which rolls on a
different flat facet, were used for the sagittal section of the medial
tibiofemoral compartment but for the lateral tibiofemoral com-
partment, two circles roll on the same flat facet. In this paper, the
simulations focus on the lateral part as it has a larger displacement
than the medial part. The following three models are compared:
Model 1: Two sequential circles roll on a flat plane (Iwaki
et al., 2000).
Model 2: One ellipse rolls on a flat plane.
Model 3: One ellipse rolls on another ellipse.
The dimensions of the approximated circles and ellipses
(Fig. 1b) are listed in Table 1. With the contact location defined
as a horizontal distance of C measured from the IPTC in Fig. 1(a),
results are given as a function of the flexion angle y in Fig. 3 for
comparing three models against published data. Fig. 4 simulates
(on the basis of Model 3) the snap-shot trajectory of the lower leg
as it rotates from its initially full extension, and its corresponding
(rolling/sliding) displacements, velocities as well as the sroll/sslide

ratio. Observations in Figs. 3 and 4 are discussed as follows:
a)
 For Model 1, the sroll/sslide ratio is given as 1.7. As the sliding
velocity of each rolling circle is assumed constant, the contact
point is a linear function of y. The overall result, however, is not a
smooth curve (Fig. 3) due to the transition from circles r2 to r1.
The difference between the 2-circle model and experimental
results can be observed when y4901. This is because the rota-
tional axis of the circle is tilted by a small angle; when projected
on the camera plane, the tilted circle is essentially as an ellipse.
b)
 Based on the above observation, we model bio-joints using
elliptical surfaces as they offer a more realistic characterization
than a multi-circle model, and are mathematically differenti-
able. Fig. 3 compares Models 2 and 3 against published data.
With only rolling, Model 2 (that simplifies the tibial condyle as
a planar surface) results in some negative contact positions;
this is intuitively incorrect as the knee joint does not lose
contact. Given the close match between Model 3 (when
considering both sliding and rolling in the joint kinematics)
and the experiment data, Model 3 with sliding is used for the
subsequent analysis.
c)
 The displacements, sroll(y) and sslide(y), normalized to the major
radius of the femoral condyle, are given by Eqs. (7a) and (b),
respectively, and their ratio is plotted in Fig. 4(b):

srollðyÞ=rmaj ¼ 0:093y5
�0:409y4

þ0:57y3
�0:448y2

�0:926y ð7aÞ

sslideðyÞ=rmaj ¼ 0:334y5
�1:518y4

þ2:12y3
�0:996y2

þ0:513y ð7bÞ
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Fig. 4. Rolling and sliding velocities of the current contact point (Model 3): (a) snapshots of the femoral condyle and position changes of initial/current contact points.

(b) Plots of normalized rolling and sliding displacements showing their ratio is not a constant. (c) Plots of normalized rolling and sliding velocities as the knee rotates at a

constant speed (901/s).

Table 2
Physical parameters of human’s lower leg.

Human Exoskeleton

length (m)

Length (m) Mass (kg)

Upper leg 0.40 7.02 0.40

Lower leg/foot 0.37/0.27 2.44/1.18 0.37

r0 (m) 0.2453
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The sroll/sslide ratio is not a constant, but its average value
of 1.69 closely agrees with the experimental observation
(Iwaki et al., 2000) of 1.7. Fig. 4(c) graphs vslide calculated from
Eq. (2); negative vslide means sliding forward instead of backward.
Fig. 5. Distance, velocity and acceleration of the tibia mass-center during knee

rotation.
3.2. Effect of exoskeleton design on joint forces/torque

Due to the kinematic constraint imposed by the contact, the
human knee joint embodies two degrees of freedom (DOF),
rotation and translation for its planar motion. To investigate the
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effects of a planar exoskeleton on human knee joints, we compare
two different models in predicting the forces and moments acting
on the knee; namely,
�

Fig
mo

Fig
�5
Pin-joint (PJ) engineering approximation and

�
 Bio-joint knee (BJK) Model 3.
The exoskeleton consists of a revolute (pin) joint between two
rigid links attached to the lower and upper legs with pin joints.
This design has three-DOF from its three pin-joints and thus has
one redundancy. For a nonzero flexion angle, there are two
possible solutions. However, only one solution is physically
feasible.

For clarity and ease of illustration, the following assumptions
are made: (1) the human subject sits with the upper leg held
static and horizontal and the lower link rotates with the tibia from
its initial state (full extension); and (2) the lower link is attached
at O with the revolute joint centered at the initial contact point Ci
. 6. Comparing snapshots of an exoskeleton between two different knee joint

dels.

. 7. Force and torque comparison between two different knee joint models with/wi

1oyo901 and underestimated in y4901 as compared to the bio-joint knee model
(Fig. 2). Numerical values used in this study are given in Table 2
(Nomiyama et al., 2007) and from Figs. 2(b) and 4(a),

rðyÞ ¼ 1:078y4
�11:184y3

þ26:542y2
�0:825yþ263:59 ð8Þ

Eq. (8) and its derivatives are graphed in Fig. 5. Fig. 6 shows the
link kinematics (solid lines) as the tibia rotates, where dash lines
simulate the knee as a pin joint (commonly assumed in
exoskeleton designs) for comparison.

To account for the exoskeleton mass in the kinetic study, the
two links are assumed to have the same mass-to-length ratio Z of
0.5 kg/m. Unlike the condition with no exoskeleton where the
human leg is an open-chain mechanism, the leg and exoskeleton
form a closed kinematic chain that has a significant effect on the
internal joint forces and torque of the knee. Fig. 7(a–c) are
calculated results from Eq. (6) showing the internal forces and
torque in the knee as the tibia accelerates from the initial static
state (y=�51) to y=201 for 0.5 s, then maintains at an angular
velocity for 1 s to y=951, and finally decelerates to the final static
state y=1151 in another 0.5 s. Throughout the trajectory, the foot is
off the ground and thus, there is no ground reaction. In Fig. 7 where
the solid and dashed lines are results of the BJK and PJ models,
respectively, the internal forces and torque for a condition with no
exoskeleton are plotted as a basis for comparison.

Several observations can be made from Figs. 5–7:
1.
thou

. (b)
The sign of the force fr in Fig. 7(a) can be explained as follows.
During the initial flexion (yo0), fr is positive since the force is
primarily supported by the femur, but becomes negative as the
retraction force from the soft tissues gradually plays a more
dominant role as the knee rotates downward.
2.
 The distance r increases as much as 30 mm (Fig. 5). For the same
work done, this increase in r tends to reduce fr in the knee. As the
PJ approximation assumes a constant r and neglects the joint
geometry, the effect of the r(y) variation on the attaching point
(Fig. 6) and on the forces/torque (Fig. 7) cannot be accounted for.
As compared to the BJK model in Fig. 7(a), the PJ approximation
overestimates 9fr9 in the range (01oyo901) and underestimates
as y approaches its rotation limit.
t exoskeleton: (a) pin-joint knee approximation overestimates fr in the range

Tangential force fy. (c) Moment ta.
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3.
 Near y=01, the exoskeleton loses one DOF along the er

direction causing a finite change in fr as well as fy and ta as
shown in Fig. 7. Human knee (that can roll and slide) is more
tolerant than a pin-joint to a singularity along er as illustrated
in Fig. 7(a). However, these internal forces and torque increase
with the mass-to-length ratio Z of the exoskeleton. An increase
in Z from 0.5 to 1 kg/m implies that fr (at y=0� , y=0+) would
increase from (39N, �24N) to (73N, �51N). The PJ approx-
imation, which neglects the r(y) variation, cannot capture the
finite change in fr and also grossly underestimates the
singularity effect on fy and ta.
4.
 The trapezoidal-velocity y trajectory (commonly used in
robotics) has an effect on the tangential force fy and moment
ta. As seen in Fig. 7(b) and (c), the two sudden changes at
y=201 and y=951 (on the simulated fy and ta) are reactions
from the soft tissues in order to meet the acceleration changes
specified in the y trajectory.

4. Conclusions

A general method for mathematical modeling a bio-joint has
been introduced, which provides a better understanding on the
interaction between natural joints and artificial mechanisms for
design and control of rehabilitation exoskeletons. With the aid of
MRI data (Iwaki et al., 2000), the ellipsoid-based bio-joint model
has been shown to offer a physically more accurate account of
both rolling and sliding motion within bio-joint than a geome-
trically simple pin-joint approximation or methods based on
multiple circles and lines. The bio-joint model shows that the
sliding-rolling displacement ratio is not a constant but has an
average value consistent with published measurements and its
mathematically differentiable property facilitates the analysis of
rolling/sliding velocity. Finally, the effects of a planar exoskeleton
on a human knee joint have been numerically illustrated by
comparing results of two different knee models (pin-joint
approximation and bio-joint model derived from published MRI
data). A single-DOF pin-joint approximation (that oversimplifies
the knee joint geometry) cannot account for the effect of the
translational variation on the attaching point of the exoskeleton,
and on the internal forces and torque in the knee. While a detailed
exoskeleton design to accommodate joint flexibility of a knee is
beyond the scope of this paper, some intuitive insights presented
here are potentially useful considerations for future design of
rehabilitation exoskeletons.
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